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Introduction



Graph Structure Analysis

two problems in graph inference:

• direct problem (deductive):
induce properties from known graph structure

• shortest path, traveling salesman, graph coloring %problem
• maximum flow, minimum cut %problem
• Google search (stationary distribution of Google matrix)

• inverse problem (inductive):
estimate graph structure from partially observed properties

• path analysis, graphical model estimation
• sparse estimation of accuracy matrix
• structure estimation via graph Laplacian
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Motivated Problem

automobile sales data of manufacturers

Now our problem is estimating a set of transition matrices fGtg
T
t¼1

from observed ratios

fptg
T
t¼1

, however, this estimation problem is typically indeterminate because the degree of free-

dom of fGtg
T
t¼1

is greater than that of observations fptg
T
t¼1

. Therefore, we need additional con-

straints on this problem. We impose the following two assumptions.

The first assumption is that the observed ratio πt at time t is a realization of the stationary

distribution of a Markov process represented by Gt. Homogeneous Markov chain modeling

based on the stationality at the observation interval has a long history in marketing research

[21]. From research on PageRank, it is also acknowledged that the convergence of distribution

πt, by the action of transition matrix Gt, to the stationary distribution is very fast [22]. Fig 2

shows a simple example of the transition of distribution π by the consequent actions of transi-

tion matrix G. The number of nodes is set to 15 and we show the first 12 time steps of the

sequence, namely {π, Gπ, G2π, . . ., G11π}. In this figure, the vertical axis shows the node

Fig 1. Quarterly sales share of manufacturers from the year 2007 to the year 2015.

doi:10.1371/journal.pone.0169981.g001
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Questions

• why sales shares vary?
• what happens in customer
preferences?
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Running Example
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weighted graph

directed graph
• number of node: 26
• edge exist.: 0.1
• weight:
uniform on [0, 1]

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 4/33



Adjacency Matrix

• adjacency matrix W

(W)ij = strength of connection from i to j

• indicate vector of sink node a

(a)i =

1, if (We)i = 0

0, otherwise

where e is a vector of all 1
• normalized adjacency matrix (transition matrix) H

H = diag(We+ a)−1W

(He)i = 1 holds except for sink nodes
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Google Matrix

• transition matrix with sink node adjustment S

S =H+ aeT/n
=(probabilistic transition)
+ (escape from sink nodes)

probability matrix: Se = e
• Google matrix G

G =αS+ (1− α)eeT/n
=(transition along edges)+ (random transition)

probability matrix: Ge = e
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transient process
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transient process
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Property of Stationary Distribution
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Property of Sink Node
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Applications

a simple and strong model of movements on directed graph:

• behavior model of selection from finite options
• web surf model
• purchase model of certain genres
• transition model of audience ratings
• customer share model of restaurants/coffee shops

• adjustment of transition matrix (sink node/alpha)
• out of stock or service
• capricious or adventurous attempts
• introduction from others

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 14/33



Problem Formulation



Time-Varying Graph

non-stationary data on directed graphs:

• strength of edges slowly change in time
• change of structure
• change of stationary distribution

• model assumption:
• frequent update (fast time scale; t)
e.g.: purchase every day

• sparse observation (slow time scale; T)
e.g.: aggregate every week

observations are supposed to be on stationary distribution at current point

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 15/33
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Our Problem

Problem
for given series of stationary distributions {πt}, estimate series of graph
structures {Gt}.

minimize L({Gt}) subject to ∀t, πTt Gt = πTt

difficulties:

• infinitely many matrices have the same eigenvector
• the followings are needed:

• assumptions on graph structures
• assumptions of graph changes

e.g. (fused lasso): for a certain sparse norm of matrix, ‖ · ‖s,

L({Gt}) =
∑
t

‖Gt‖s +
∑
t

‖Gt+1 − Gt‖s
cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 21/33



space of probability matrices
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matrices with a specific eigenvector

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 22/33



T = 1 T = 2 T = 3 T = 4 T = k

● ● ● ● ●

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 22/33



T = 1 T = 2 T = 3 T = 4 T = k

● ● ● ● ●

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 22/33



T = 1 T = 2 T = 3 T = 4 T = k

● ● ● ● ●

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 22/33



T = 1 T = 2 T = 3 T = 4 T = k

● ● ● ● ●

●

●

● ●
●

Ĝ1
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Ĝ3 Ĝ4 Ĝk
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Restriction of Eigenvector

make matrices keep in a restricted subspace:

• eigenvector of matrix A to be a (unit vector):

Aa = λa+ b⇒ A− baT → A

• eigenvalue of eigenvector a to be µ:

Aa = λa⇒ A+ (µ− λ)aaT → A

• A to be a probability matrix:

Ae = d⇒ diag(d)−1A→ A
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Numerical Examples



Automobile Sales Data

Reference
Chiba et al. “Time-Varying Transition Probability Matrix Estimation and Its
Application to Brand Share Analysis”

• quarterly unit automobile sales data of manufacturers from 2007-1Q to
2015-4Q

• estimate transition paths and discuss the relation between social events and
estimated results

• objective:

L({Gt}) =
∑
t

‖Gt+1 − Gt‖1

• optimization: simplex method with slack variables

cba · 1 ◦ · ◦ · · · · · · · · · · 2 ◦ · · · · · ◦ · · 3 ◦ · · · · · · · 4 · · 24/33



automobile sales for different manufactures

Now our problem is estimating a set of transition matrices fGtg
T
t¼1

from observed ratios

fptg
T
t¼1

, however, this estimation problem is typically indeterminate because the degree of free-

dom of fGtg
T
t¼1

is greater than that of observations fptg
T
t¼1

. Therefore, we need additional con-

straints on this problem. We impose the following two assumptions.

The first assumption is that the observed ratio πt at time t is a realization of the stationary

distribution of a Markov process represented by Gt. Homogeneous Markov chain modeling

based on the stationality at the observation interval has a long history in marketing research

[21]. From research on PageRank, it is also acknowledged that the convergence of distribution

πt, by the action of transition matrix Gt, to the stationary distribution is very fast [22]. Fig 2

shows a simple example of the transition of distribution π by the consequent actions of transi-

tion matrix G. The number of nodes is set to 15 and we show the first 12 time steps of the

sequence, namely {π, Gπ, G2π, . . ., G11π}. In this figure, the vertical axis shows the node

Fig 1. Quarterly sales share of manufacturers from the year 2007 to the year 2015.

doi:10.1371/journal.pone.0169981.g001

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 4 / 13
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market share transition

s:t:

p>t Gt ¼ p>t ;

� ðXtÞij < ðGt � Gt� 1Þij < ðXtÞij;
8t 2 f1; . . . ;Tg

Gte ¼ e;

ðGtÞij > 0:
8t 2 f0; 1; . . . ;Tg

8
>>>>>><

>>>>>>:

ð8Þ

The algorithmic description of the proposed method is shown in Algorithm 1.

Algorithm 1 Algorithm for estimating the transition matrices

Input:Non-negative multivariate time series.
Initialization:Normalizedthe observedtime seriesto a sequenceof sta-

tionarydistributions fptg
T
t¼1
.

Estimation:Solvethe linearprogrammingEq (7).
Output:Estimatedsequenceof transitionmatrices fGtg

T
t¼1
.

Results and Discussion

For the quarterly unit automobile sales data of manufacturers from 2007-1Q to 2015-4Q, we

performed the prepossessing explained in the Materials and Methods. We note that 1Q, 2Q,

3Q, and 4Q denote the first, second, third, and fourth quarter in a fiscal year. Then, we applied

the proposed method for a series of observed share data fptg
T
t¼1

, where t = 1 corresponds to

“2007-1Q,” and t = T corresponds to “2015-4Q,” to estimate a series of transition probability

matrices. The optimization problem (7) is solved by the simplex method using the solver for

linear programming GLPK [27]. The observed data is shown in Fig 3, which expresses the same

information shown in Fig 1. Fig 1 is popular for showing market information, while Fig 3 is

more intuitive in terms of market share transition for a certain time unit. The size and color of

circles indicate the proportion of automobile sales for different manufactures. Fig 4 shows the

Fig 3. Observed sales share data of manufacturers from the year 2007 to the year 2015.

doi:10.1371/journal.pone.0169981.g003

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 7 / 13
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averages and standard deviations of sales shares

averages and standard deviations of the sales shares in all terms. This figure shows that the stan-

dard deviations of shares tend to be large for manufacturers with a large market share. Further,

the Renault-Nissan group has a relatively high average and small standard deviation, which

indicates that this manufacturer maintains a certain market share stably. On the contrary, the

Hyundai-Kia group has a relatively low average but a large standard deviation. This fact sug-

gests that this manufacturer is growing rapidly (see also Fig 3). While we can infer the above-

mentioned facts and tendencies from the market share data, it is impossible to identify how the

consumer transitions from one manufacturer to another with sales share data alone. In the fol-

lowing subsections, we show the graphs representing the estimated transition paths with dis-

cussion on and consideration for social events that may explain the estimated results.

Estimated Transition Matrices and Corresponding Market Structure

Transition matrices are constrained to be positive and there are flows of customers from any

manufacturer to any other manufacturer. We hereafter set elements of the estimated transition

matrices below certain threshold to zero to remove minor edges for visualization purpose. The

threshold used to visualize the results in this paper is 0.24, which offers legible results. Fig 5

shows the estimated transition matrix G1 obtained by solving the linear programming Eq (7),

and the corresponding directed graph of automobile manufacturers’ sales shares for the first

Fig 4. Averages and standard deviations of the sales shares.

doi:10.1371/journal.pone.0169981.g004

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 8 / 13
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Graph Visualization

2007-1Q

term (“2007-1Q”) of all records. The size of the circle at each node represents the market share

of the corresponding manufacturer. The transition matrix is asymmetric. The (i, j) element of

matrix Gt denoted by (Gt)ij is the transition probability from the i-th product to the j-th prod-

uct in the time interval (t − 1, t]. We draw an arrow from the i-th node to the j-th node with a

width proportional to the magnitude of (Gt)ij in the graph, representing the transition matrix

at time t. In the directed graph, arrows connecting the nodes indicate that there are flows of

sales share or flows of customers in the direction indicated by the arrows. Bi-directed arrows

indicate that both connected nodes have in/out flows. The results show two distinct groups.

One group includes American manufacturers such as Chrysler Group, Ford Group, GM

Group, and the other group includes Japanese manufacturers such as Suzuki, Honda,

TOYOTA Group, Mazda, and Renault-Nissan. Interestingly, there is a bi-directed arrow

between GM and Honda, which are alliance companies. This phenomenon is presumably

because the car dealer of each manufacturer recommends the cars of the alliance partner to

customers. It is also possible that the same car dealer sells both GM and Honda cars.

Explanation of Social Events Inferred from the Transition Matrix

We present a more detailed analysis. First, within the fiscal year ending March 2008, TOYOTA

Group has become the world’s top seller by beating GM Group in unit sales. We show the esti-

mation results from “2007-1Q” to “2007-4Q” in Fig 6. From Fig 6(a), a direct flow from GM

Group to TOYOTA Group is observed at 2007-1Q (red arrow). Then, for the next two quar-

terly periods shown in Fig 6(b) and 6(c), we infer that TOYOTA Group’s activity caused a

reaction, and the graph shows an arrow from TOYOTA Group to GM Group (blue arrow).

After this fluctuating behavior, at the fiscal year end in December shown in Fig 6(d), we do not

see salient movement in consumers between those two manufacturers.

We next focus on 2009-1Q in Fig 7. In 2009, TOYOTA Group launched a massive recall

and decreased its share to a large extent. This can be seen by comparing the size of the circles

for TOYOTA Group in 2008-4Q shown in Fig 7(a) and in 2009-1Q shown in Fig 7(b). Com-

paring the graphs in 2008-4Q shown in Fig 7(a) and 2009-1Q shown in Fig 7(b), we see that

from 2009, there is an arrow from TOYOTA Group to Others (red arrow), which indicates the

defection of customers.

Fig 5. The estimated directed graph for “2007-1Q”.

doi:10.1371/journal.pone.0169981.g005

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 9 / 13

• remove minor edge below
0.24

• show market share with
node size

• cf. GM and Honda are allied
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Finally, we focus on the year 2013 (Fig 8). In the second half of this year, VW Group beats

GM Group in total sales amount to claim second position in the automobile industry. From

Fig 8(a) and 8(b), the consumers’ flow from VW Group to GM Group disappears in the 4th

quarter in 2013, which indicates improvements in the brand image of VW compared to GM.

Conclusion

Summary of Contribution

In this paper, we considered the situation that manufacturers compete for limited consumers.

By modeling the transition of consumers between different manufacturers using a Markov

chain, we proposed a method to infer a sequence of transition matrices of consumers to

Fig 6. Visualization of consumers’ flow estimated from a series of data from year 2007. There is a remarkable change in the direction and presence

of the arrow between TOYOTA Group and GM Group.

doi:10.1371/journal.pone.0169981.g006

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 10 / 13

In March 2008, TOYOTA has become the world’s top seller by beating GM
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different manufacturers using a sequence of sales share data only. In the proposed model, the

observed sales share data are identified with stationary probabilities of underlying Markov

processes characterized by transition matrices. Assuming that the change in the structure,

namely, a change in the transition matrices for consequent time is minor, we formulated the

estimation problem of transition matrices as simple linear programming. The proposed

method is applied to sales data for automobiles, and we obtained reasonable and socially

explainable results. We believe that the results are significant in the sense that we can infer the

flow of consumers only from sales share data. The results can be utilized for a market analysis

or to develop a brand strategy with limited observations. For illustrative purposes, we consid-

ered the transition of consumers among manufacturers. However, the proposed method is

Fig 7. Visualization of estimated consumers’ flow from a series of data in 2008-4Q and 2009-1Q.

doi:10.1371/journal.pone.0169981.g007

Fig 8. Visualization of estimated consumers’ flow from a series of data in year 2013.

doi:10.1371/journal.pone.0169981.g008

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 11 / 13

In 2009, TOYOTA launched a massive recall
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different manufacturers using a sequence of sales share data only. In the proposed model, the

observed sales share data are identified with stationary probabilities of underlying Markov

processes characterized by transition matrices. Assuming that the change in the structure,

namely, a change in the transition matrices for consequent time is minor, we formulated the

estimation problem of transition matrices as simple linear programming. The proposed

method is applied to sales data for automobiles, and we obtained reasonable and socially

explainable results. We believe that the results are significant in the sense that we can infer the

flow of consumers only from sales share data. The results can be utilized for a market analysis

or to develop a brand strategy with limited observations. For illustrative purposes, we consid-

ered the transition of consumers among manufacturers. However, the proposed method is

Fig 7. Visualization of estimated consumers’ flow from a series of data in 2008-4Q and 2009-1Q.

doi:10.1371/journal.pone.0169981.g007

Fig 8. Visualization of estimated consumers’ flow from a series of data in year 2013.

doi:10.1371/journal.pone.0169981.g008

Time-Varying Transition Probability Estimation for Brand Share Analysis

PLOS ONE | DOI:10.1371/journal.pone.0169981 January 11, 2017 11 / 13

In 2013, VW beats GM in total sales amount to claim second position in the automobile industry
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Conclusion



Concluding Remarks

we presented the followings

• a model of transitions and stationary distributions
• a simple method for estimating transition matrices from a sequence of
stationary distributions

• analysis of consumer transitions for sales share data without detailed
recording of consumer transitions

further investigation would be devoted to

• other objectives and constraints to improve the accuracy of estimation and
interpretability

• other probabilistic models for estimating changes in transitions
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